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Abstract. Electrical resistivityρ of zirconium hydrides ZrHx and deuterides ZrDx has been
measured over the range of hydrogen concentration 06 x < 0.9 (x: H/Zr or D/Zr) and
temperature 700 K6 T 6 1100 K. It has been found thatρ increases linearly withx in the α
phase and exhibits a parabolic change in theβ phase, shows almost no difference for H and D
in the range 06 x < 0.9 and deviates from Matthiessen’s rule in theα phase. To help discuss
the findings, we have made energy band calculations of ZrHx and computed quantities that are
closely related toρ. The observed change inρ with x can be explained by assuming that H
atoms form independent electron scatterers in theα phase and H atom vacancies additionally
form electron scatterers in theβ phase. The lack of difference observed inρ for H and D can be
explained by the fact that electron–optical phonon coupling constant obtained from the energy
band calculations is much smaller than the electron–acoustic phonon coupling constant. It is
difficult to give a reasonable explanation of the deviation from Matthiessen’s rule only by the
energy band calculation result.

1. Introduction

Metallic zirconium (Zr) can absorb hydrogen (H) up to a concentrationx of about two in
atomic ratio H/Zr to form Zr hydrides [1]. In this rather wide range of 06 x < 2 the
electrical resistivityρ of the Zr hydrides may change differently withx depending on the
origins of ρ in the Zr–H system. It has been reported that for 1.5 < x < 1.9 the optical
phonon, as well as the acoustic phonon, plays an important role inρ [2]. However, almost
no precise knowledge is available forρ at smallx although there are some reports onρ in
the Zr–H system [3–5] and in the Ti–H system [6], which has similar physical properties to
the Zr–H system. In the Pd–H system, the optical phonon has been found to be important
for x < 0.01 [7] andx > 0.7 [8, 9]. In the V–, Nb– and Ta–H systems, on the other hand,
measuredρ has been found to show no difference for H and its isotope D up tox = 0.1
[10], suggesting a slight contribution of the optical phonon. The purpose of this paper is
to estimate the main origin ofρ in the Zr–H system particularly for 06 x < 1 at high
temperatures.

In the present study we first obtain experimentally the temperature–H concentration–
resistivity (T –x–ρ) relationship for Zr hydrides (ZrHx) and deuterides (ZrDx). We next
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discuss possible origins ofρ in ZrHx by considering the interaction of electrons with H
atoms and with vibrations of H and Zr atoms and by comparingρ obtained experimentally
with ρ resulting from the interaction. The difference inρ for H and D is made use of
to identify the main possible origins. In addition, quantities that are closely related toρ

are computed with the aid of energy band calculations of ZrHx and are used to help with
identifying the main possible origins. In the present study we do not attempt to discussρ

due to the hopping conduction arising from localization of electrons [11–13] although the
band picture is found to give only an incomplete explanation of measuredρ of ZrHx and
the hopping conduction may be a clue to a better explanation.

2. Experiment

Figure 1 shows a schematic illustration of the apparatus used to makein situ measurements
of ρ of ZrHx and ZrDx . The value ofρ was obtained from the voltage drop across and
the current through a sample. To measure accurately the current, we applied a sinusoidal
current (1 kHz, 1 mA) to a circuit that includes the sample and a resistor (120�, temperature
coefficient 5×10−5 K−1), and measured the voltage on the resistor. Two lock-in amplifiers
were used to pick out two voltages, on the sample and on the resistor, that had the same phase
as the applied current. This resulted in eliminating successfully the effect of thermopower
generated at contacts between the sample and current leads on it when the sample was
heated. We found almost no frequency dependence of the measured voltages between
100 Hz and 100 kHz. The current of 1 mA was small enough not to give any effect on the
temperature of the sample.

Figure 1. Schematic illustration of the apparatus used to makein situ measurements ofρ. The
dotted line indicates the part of the apparatus that can be baked out.

H concentrationx in the sample was calculated from the difference in H pressures
in a chamber (H reservoir in figure 1) before and after admitting H gas to a chamber
(sample chamber), which was made of a quartz tube and contained the sample in it.x

was corrected for the corresponding H pressures in the sample chamber. Details of the
procedure of admitting H and D gases have previously been described [14, 15]. To measure
x accurately, we put near the sample a Zr piece (not shown in figure 1) of 120 g and of
the same purity as the sample, and increased the difference in the H pressures in the H
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reservoir. TemperatureT of the sample was measured with a WRe5–WRe26 thermocouple
placed near the sample and, by using it, controlled to within±0.2 K. The WRe5–WRe26
thermocouple was calibrated by comparing its emf with that of a Pt–PtRh13 thermocouple
in a vacuum over the temperature range where the present study was made.

The measurements were made in the range 06 x < 0.9 and 700 K6 T 6 1100 K.
The dotted line in figure 2 shows the range over which the measurements were made. Phase
boundaries in theT –x phase diagram were assumed to be the same for the Zr–H and Zr–D
systems. We restricted the measurements tox somewhat less than those at theβ/β+δ phase
boundary because the presence of theδ phase, particularly at relatively low temperatures,
caused cracks in the sample and large errors in the values of measuredρ.

Figure 2. T –x phase diagram of the Zr–H system (adapted from Zureket al [1]). The
measurements ofρ were made in theT –x region encircled by the dotted line. The Greek
letters indicate the phases.

The samples were polycrystalline Zr wires of 50 mm in length and 1 mm in diameter
with a nominal purity of 99.97%. Each sample weighed 0.26 g and had a resistance of 0.1�
at room temperature. For the measurements ofρ in the α phase, which extends only to
x ≈ 0.06, we used a longer sample of 150 mm to increase the accuracy of the measurements
and folded it into a piece of 50 mm in length to minimize the temperature distribution in
the sample. Most experimental error came from measurements of the diameter of the
sample. The diameter was not completely uniform along the sample and we made sixteen
measurements along it. The resulting error in the area obtained for the cross section of
the sample was typically±2.3%. The H and D gases were purified by permeating them
through a heated Pd alloy membrane.

Contamination of the sample, particularly by oxidation, caused a serious effect on
measuredρ. To minimize the oxidation during the measurements, we heated before the
measurements the part of the apparatus indicated by the dashed line in figure 1 to 500 K
for 10 h and kept the base pressure of the apparatus in the order of 10−8 Pa. After repeated
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Figure 3. T –ρ relationship for Zr at the twentieth measurement on the same sample. The dotted
line indicates theα/β phase transition temperature of Zr.

measurements, we could observe at theα/β transformation temperature 1135 K a sharp
change inρ, which readily becomes less sharp as the sample is contaminated by oxidation.
Twenty measurements resulted in a practically identicalT –ρ relationship and figure 3 shows
the result of the twentieth measurement, which is in agreement with previously reported
measurements [16].

3. Results and discussion

3.1. Summary of experimental results

Figure 4(a) shows thex–ρ relationship obtained for H and D at 1050 K.ρ increased as
x increased in theα phase of ZrHx (α-ZrHx), decreased rapidly in theα + β phase and
showed a parabolic change in theβ phase of ZrHx (β-ZrHx). The change inρ in β-ZrHx

is similar to that reported forβ-TiHx [6]. No difference was found in measuredρ for H
and D. The results for 1000 K (figure 4(b)) and 950 K (figure 4(c)) were similar to that for
1050 K.

Figure 5 shows measuredρ of α-ZrHx andα-ZrDx at temperatures between 700 K and
1050 K. Values ofρ were found to be almost the same for H and D. We can clearly see from
figure 5 a deviation from Matthiessen’s rule; dρ/dx decreased asT increased. The values
of ρ at x = 0 were slightly different from those corresponding to figure 4(a)–(c) since the
measurements were made on a different sample as mentioned in the previous section.

Figure 6 shows thex–ρ relationship obtained for H at temperatures between 900 K and
1100 K. The parabolic change inρ of β-ZrHx will be discussed later in detail. Since we
did not make measurements on the same sample as used to obtain figure 4(a)–(c), slight
differences can be observed between figure 6 and figure 4(a)–(c).
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Figure 4. x–ρ relationship obtained for H and D at (a) 1050 K, (b) 1000 K and (c) 950 K.
The dotted lines indicate the phase boundaries.

3.2. Possible origins ofρ in the Zr–H system

Any deviation from perfect periodicity in the structure of ZrHx can cause electrical
resistance. A possible origin ofρ is the deviation due to the presence of H atoms in
the crystal lattice of Zr. We can assume that Zr and ZrH have perfect crystal lattices and
cause no resistance at 0 K. H atoms in ZrHx , however, cause resistance since most ZrHx
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Figure 4. (Continued)

Figure 5. x–ρ relationship for H and D in theα phase at the temperatures shown in the figure.

is nonstoichiometric and H atoms are no longer in a perfectly periodic arrangement. In
fact, H atoms are known to occupy randomly the interstitial sites of the crystal lattice ofα-
andβ-Zr [1, 17]. Interstitial H atoms, which we hereafter refer to as H atoms, thus form
electron scatterers whenx is small and vacant interstitial sites, in addition to the H atoms,
form electron scatterers whenx approaches unity, as in the case ofρ in alloys [11].
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Figure 6. x–ρ relationship for H at the temperatures shown in the figure. The solid lines are
only for clarity of the figure.

Another possible origin ofρ is the deviation due to phonons in ZrHx at finite
temperatures. The large difference in the mass of H and Zr atoms allows us to regard
the acoustic phonon with the large dispersion as vibration of Zr atoms and the optical
phonon with the small dispersion as independent vibration of H atoms. We can therefore
apply the Debye model to the vibration of Zr atoms and the Einstein model to that of H
atoms. Other possible origins such as grain boundaries and dislocations in the sample will
not be considered in the present study in view of the fact that the change in measuredρ

was much larger than the difference inρ in different samples.
We can thus discussρ of ZrHx in terms of three contributions:

ρ = ρ0+ ρH vib + ρZr vib (1)

whereρ0 is the residual resistivity due to the presence of H atoms andρH vib andρZr vib are
the resistivities due to the vibrations of H and Zr atoms, respectively. It should be noted
that ρZr vib depends onx. This can be seen from the fact that the elastic constants of ZrHx

change withx [18] and characteristics of the acoustic phonon in ZrHx are closely related
to the elastic constants as discussed, e.g. for V, Nb and Ta hydrides and deuterides [19].

3.3. Resistivity ofα-ZrHx andα-ZrDx

Measuredρ increases linearly withx (figure 5) except at abovex ≈ 0.02 at 700 K, where
the α/α + δ phase boundary seems to have some effect onρ. The linear increase inρ
corresponds to the linear increase inρ0 and implies that each H atom forms an independent
electron scatterer. There is no appreciable difference in measuredρ for H and D. This
fact, together with the smaller scattering potential of H than of Zr, implies that electrons
are scattered mainly from the strain of the Zr lattice induced around H atoms, not from H
atoms, as previously suggested for V, Nb and Ta [10]. The induced strain is expected to
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Figure 7. Ratio of the increase inρ due to D absorption to that due to H absorption in theα
phase. The open circles indicate the ratio of the increases forx = 0→ 0.01; the filled circles
indicate the ratio for the values ofρH vib/(1ρ0 +1ρZr vib) shown in the figure (see the text for
details). The solid line is the ratio computed for equation (2) using ¯hωH = 21/2h̄ωD = 0.144 eV.

be almost the same in ZrHx and ZrDx from the fact that H atoms cause only one per cent
larger expansion of Pd lattice than D atoms [20], and gives almost the sameρ0 for H and
D.

We next discussρH vib. In α-ZrHx , H atoms randomly occupy tetrahedral sites of the
Zr lattice [1, 17]. Applying the Einstein model to the vibration of H atoms as mentioned
above, we can writeρH vib as [21]

ρH vib = A h̄ω

kBT

1

exp(h̄ω/kBT )− 1

1

1− exp(−h̄ω/kBT )
(2)

whereh̄ω is the energy of vibration of H atoms,kB is the Boltzmann constant andA is a
constant determined from the magnitude of interaction between electrons and the vibration
of H atoms. Using equations (1) and (2) we can estimate the magnitude ofρH vib relative
to ρ from the difference in increases inρ, 1ρH (= 1ρ0 + ρH vib + 1ρZr vib) and 1ρD

(= 1ρ0 + ρD vib + 1ρZr vib), due to the addition of H and D atoms to Zr because1ρ0

and1ρZr vib are the same for H and D. Figure 7 shows the comparison ofρD vib/ρH vib

computed for equation (2) and1ρD/1ρH obtained from figure 5. The solid line in figure 7
showsρD vib/ρH vib computed for equation (2) using the value ¯hωH = 21/2h̄ωD = 0.144 eV
[17]. The open circles indicate the values of1ρD/1ρH for the increases1ρH and
1ρD corresponding to the changex = 0 → 0.01 in figure 5. Statistical errors in the
values of1ρD/1ρH range from±0.03 at 900 K to±0.17 at 700 K. From the fact that
ρD vib/ρH vib > 1.5 and1ρD/1ρH ∼ 1 (figure 7), we can see thatρH vib makes only a small
contribution to1ρH. To estimate the contribution we have calculated values of1ρD/1ρH

at 800 K for ρH vib/(1ρ0 + 1ρZr vib) = 0.1, 0.5 and 3.0. They are shown in figure 7
by the filled circles with the values ofρH vib/(1ρ0 + 1ρZr vib) on them. The values of
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1ρD/1ρH obtained experimentally (open circles) compare well with the value calculated
for ρH vib/(1ρ0+1ρZr vib) = 0.1, implying thatA in equation (2) is small, i.e. the electron–
optical phonon interaction is small inα-ZrHx .

The small contribution ofρH vib suggests that a cause of the deviation from Matthiessen’s
rule (DMR) observed forα-ZrHx is the dependence ofρZr vib onx andT . dρ0/dx is unlikely
to depend strongly onT because the expansion of the Zr lattice due to H absorption is
almost independent ofT [22] and the strain around H atoms is therefore unlikely to depend
strongly onT . However, it seems that more experimental and theoretical study [11, 23] is
needed to discuss in detail the DMR inα-ZrHx . For example, atomic correlations, i.e. H–H
correlations in the present study, may become significant [11] inα-ZrHx even at smallx
becauseα/α+β andα/α+δ phase boundaries occur at rather smallx (figure 2). The strain
of the Zr lattice resulting from the H–H correlations forms electron scatterers different from
the independent scatterers discussed above, and may lead to the DMR.

Table 1. Values ofEF, n(EF), 〈v2
F〉1/2 andλ for β-Zr andβ-ZrH. The values ofλ for Zr site

and H site correspond toλH andλZr, respectively, in equation (3).

EF (Ryd) n(EF) (states Ryd−1/cell/spin) 〈v2
F〉1/2 (m s−1) λ

Zr 0.660 10.65 4.50× 105 0.922
ZrH 0.695 11.04 4.23× 105 0.050 (H site)

0.659 (Zr site)

3.4. Electron states inβ-Zr andβ-ZrH

To discussρ of β-ZrHx , wherex is not always small, we have to consider the effect of the
presence of H atoms onρZr vib. In this section, quantities that are closely related toρ and
used to discuss it are estimated from energy band calculations ofβ-Zr andβ-ZrH.

The electron states are computed by using the augmented plane-wave method [24] with
the exchange–correlation potential based on the local density approximation [25]. We use
the simplest version of the method because we only need a crude estimate of the quantities.
By reproducing the reported electron states ofα-Zr [26, 27] andβ-Zr [28], we confirm
that the method gives correctness and enough accuracy for the present purpose. In the
computation ofβ-ZrH, H atoms are assumed to occupy periodically the tetrahedral site in
bcc β-Zr as inβ-Ti [17]. We have also made calculations for 0< x < 1 using the virtual
crystal approximation [11]. All values calculated for 0< x < 1 are found to fall between
those forβ-Zr andβ-ZrH as expected and they are not discussed here.

Table 1 lists the result of the computation of the Fermi energyEF, the density of states
n(EF) at EF, the square root of the squared average of the Fermi velocity〈v2

F〉1/2 and the
electron–phonon coupling constantλ. Using the result of the energy band calculations, we
have computed〈v2

F〉1/2 from vk = (1/h̄)∂E/∂k andλ from λ = n(EF)〈I 2〉/(M〈ω2〉) [29]
whereM is the mass of the H or Zr atom,〈ω2〉 is the squared average of phonon frequency
and〈I 2〉 is the squared average of electron–phonon matrix elements at the Fermi surface and
is computed from the phase shift, the partial density of states etc [30], which are obtained
in the course of the energy band calculations. Since the mass greatly differs for H and Zr,
we can write for ZrHx [9, 31, 32]

λ = n(EF)〈I 2
H〉

MH〈ω2
H〉
+ n(EF)〈I 2

Zr〉
MZr〈ω2

Zr〉
≡ λH + λZr. (3)
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In the computation ofλ, we have used the values ¯h〈ω2
H〉 = 0.12 eV, which is the same

as for β-TiHx [17], and h̄〈ω2
Zr〉 = 0.015 eV, which we have estimated from the reported

value obtained from the inelastic neutron scattering measurement [33]. The values listed in
table 1 will be used in the next section to discuss thex dependence ofρ0, ρH vib andρZr vib

of β-ZrHx .
We here mention the following two points concerning the computation result above.

Firstly, all the quantities were computed up tox = 1 and for theβ phase. At largerx, the
β phase transforms to the fctδ phase (figure 2) and the electron states change accordingly.
The calculated electron states of ZrH2 [32] show thatρH is small in theδ phase as well.
Observedρ in the δ phase, however, indicates a considerable contribution of the optical
phonon [2]. In the present study we cannot comment on this discrepancy. Secondly, we
should be careful about the applicability of the energy band calculation to the discussion of
ρ of ZrHx . If the mean free path of electrons that participate inρ becomes comparable to
the lattice constant of Zr, then the electrons are in a localized state and the band picture is
no longer applicable directly toρ of ZrHx [11]. The values ofρ obtained in the present
study seem somewhat smaller than those in which the localized electron state plays a major
role. The DMR and the decrease in dρ/dT in Zr at high temperatures (figure 3) observed
in the present study, however, suggest invalidation of the applicability of the band picture
and necessity to consider, e.g. the hopping conduction mechanism [12, 13].

3.5. Resistivity ofβ-ZrHx

The residual resistivityρ0 can be written as

ρ0 = 3

2

1

e2〈v2
F〉n(EF)τ

(4)

whereτ is the relaxation time. This is the same equation as given in Ziman [21]. When H
atoms and vacant interstitial sites are regarded as electron scatterers as mentioned above,τ

can be written as [11]

1

τ
= Bx(1− x)n(EF) (5)

whereB is a constant. From equations (4) and (5) we see thatρ0 depends onx through
the termsx(1− x) and 〈vF〉2. However,〈vF〉2 can be regarded as constant for 06 x 6 1
because the values of〈vF〉2 at x = 0 and 1 do not differ considerably (table 1) and theEF

value can be found from the energy band calculations to lie in the region where the energies
of s and d bands do not change considerably for 06 x 6 1. We therefore have a parabolic
change inρ0:

ρ0 = B ′x(1− x) (6)

whereB ′ is a constant.
The contribution ofρH vib to ρ can be regarded as small because only a small difference

is found in measuredρ for H and D (figure 4). The energy band calculation result shows
that λH � λZr (table 1), supporting the small contribution ofρH vib up to x = 1. This is
the same conclusion as obtained forα-ZrHx . At larger x, however, we cannot completely
exclude possible importance ofρH vib as pointed out for ZrH2 [2]. The optical phonon has
been shown to play an important role inρ for x > 0.7 in the Pd–H system as well [8, 9].

We now discuss the contribution ofρZr vib to ρ. At x = 0 and 1,ρ consists only of
ρZr vib as mentioned above andρZr vib at x = 0 and 1, which we hereafter refer to asρZr vib

andρZrH vib, respectively, have different values (figure 6). However, the difference, which
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Figure 8. Result of the fit of equation (8) (solid lines) to measuredρ for β-ZrH (open circles).
The open circles have been taken from figure 6.

Figure 9. Values ofρ obtained from figure 8 forβ-Zr (filled circles) below theα/β phase
transition temperature and forβ-ZrH (filled triangles) below theβ/β + δ phase transition
temperature. The open circles indicate the measured values taken from figure 1 and the dotted
line theα/β phase transition temperature of Zr.

arises from the dependence ofEF, 〈vF〉 andλ on x, is not large. We therefore assume a
linear change inρ for 06 x 6 1 and have

(1− x)ρZr vib + xρZrH vib. (7)
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Equation (1) is now written, by using equations (4) and (5), as

ρ = B ′x(1− x)+ (1− x)ρZr vib + xρZrH vib. (8)

Figure 8 shows the result of a fit of equation (8) to measuredρ of β-ZrHx . The fit has
first been made for 1100 K withx as an independent variable and withρZr vib, ρZrH vib and
B ′ as parameters and then for other temperatures withρZr vib andρZrH vib as parameters and
with the value ofB ′ (= 0.517± 0.012µ� m) fixed at the value determined for 1100 K.
Statistical errors for the values ofρZr vib andρZrH vib range from±0.001 µ� m for ρZr vib

at 1050 K to±0.003 µ� m for ρZrH vib at 1150 K. The result of the fit is excellent and
suggests that the assumption made to obtain equation (6), i.e. periodic arrangement of H
atoms inβ-ZrH, is reasonable.

From the result of the fit in figure 8 we obtainρ of β-Zr at temperatures below theα/β
phase transition (figure 9). The values ofρ of β-Zr obtained in this way (solid circles) are
in agreement with those extrapolated from measuredρ (open circles) and tend to decrease
with decreasingT like those ofα-Zr. This is in contrast to the result reported forβ-Ti, for
which theρ value does not decrease with decreasingT [6]. A similar result is obtained
also forρ of β-ZrH below theβ/β + δ phase transition temperature (triangles).

4. Conclusions

We have measuredρ of ZrHx and ZrDx and computed the quantities that are closely related
to ρ with the help of the energy band calculations of ZrHx . The linear increase in measured
ρ of α-ZrHx with x is due to the independent electron scatterers formed by H atoms. The
parabolic change in measuredρ of β-ZrHx is due to the vacant interstitial sites in it as well
as to H atoms. The optical phonon does not contribute appreciably toρ for 0 6 x < 0.9,
because there is almost no difference in measuredρ and computedλH is much smaller than
λZr. We have estimated the values ofρ of β-Zr below theα/β transformation temperature
and ofβ-ZrH below theβ/β + δ phase transition temperature.
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